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PROBLEM 1

A dipole is formed by two point sources with charge +cand-c
Calculate the flux of the dipole field on a closed surface S that

(a) encloses both poles
(b) encloses only the plus pole
(c) does not enclose any pole

SOLUTION

Vector field from — [
a point source A(r)=c
located in T, :

Vector field from . F_F —
two point sources  A(T)=cC 1
located in F;and 1, |

Elux from 3 {0 If the origin is outside V

a point source: “ )4zc  ifthe origin is inside V

S —T1| | - 2| S |T_F1 2
@  ff()-dS= 47C “4zc =0
(b)  f()-ds= 4rc 0 =4



PROBLEM 2 .
Use the Gauss theorem to calculate the flux of the vector field: K(p, ¢,7)=1 p s

P

2 Z
on the surface S: x2+y2+(z—2) <4 A

SOLUTION

>

The field is singular at p=0 (the z-axis)
The Gauss theorem cannot be applied on S. S

We divide V into 2 volumes:
V=V, +V,

Thin cylinder with radius ¢ along the z-axis

The boundary surface to Vyis: S+S_—S, —S,

v

Does not contain the z-axis
= here we can apply Gauss! | y

”A(r) 5= [[ Am)dS=

S+S,-S,+S, X
5,45,-5,

” A(F)-dS + ” A(F)-dS _H_[dlvAdV+ H A(T)-dS

*545,-5,-5, —S,+5,+S, =S 5115,



_jjjduvAdw [[ Am)-ds __mdlvAdV jjA(r) dS +HA(r) dS +jjA(r) ds

=S, +5+S,

I I 1 vV

Integrals Il and 1V are zero:
_ _ pP=1. .
[[ A(r)-ds = IE é,-6,dS =0
S

/‘slpjo—’

limdS =¢,ds

Ar)-d5 = —[[22"6 .6.ds -
{_[A(r)-ds/_ gz p ¢, -8,dS [0
=0

limdS =-6,ds

dS = edpdz

dS =& ds
OnS pP=€

Integrals Il is:

jjz\(r)-ds‘/gzp; ,)dS = HZ ~ds = HZ
1

gd pdz =

2+J1;:
2(52—1)dgodz =27 (& -1) j 2dz =87 (s’ -1)V4-¢’
2 us?

I
ﬂ'—n



But the cylinder is very ““thin””, which means that we need: Iirrol
£—>

Iim87r(52 —1) A—g? 4167

-0

Integrals | is:
— 2_1. 2
(faaov - _[V[jdiv[z = 1ep]dv _ w%é(pz%}w - ez

The volume is a sphere with centre in the point (0,0,2)
Therefore, to use spherical coord. a coordinate transformation is necessary: z’=z-2

[If220v = [[[ 262"+ 2)0v = [[[a0v + [[[22'av =472 [[]2r cosor* sinediraag
Vo YA YA A Vo

1287 T cos2@ | [128%
=— 4+ 2| — | 27| - - —
4 . 2 . 3

%—/

0

L1+ 11+ 1V :%—16ﬂ+0+0:—80%



LAPLACE OPERATOR IN CURVILINEAR COORDINATES

The Laplace equation is

V=0

The Laplace operator V? isthe divergence of the gradient:

CARTESIAN COORDINATES

v¢:[%,%,%J
« GRADIENT ox' oy o
Y —=>
*DIVERGENCE V-A= A A LA
ox oy oz )
CYLINDRICAL COORDINATES
\
_(9¢ 109 o9
¢ GRADIENT V¢_[8p’pa¢’azj
Y —=>

19(pA, )+£6A

- d
*DIVERGENCE V- A= y | A
p op

p Op 0Oz

I

SPHERICAL COORDINATES

op 10p 1 04
[ ] V A ' An
GRADIENT 7= [8r rog’ rsmea(p]
10 1 0. 1 o
. V.A=— %, —(sin@ A
DIVERGENCE 26r( Ar)+rsingag(' A9)+rsineago( V)

J

> =

Vip=V-Vg

CARTESIAN

V2= o’ 8¢+8¢
ox>  oy* o1’

CYLINDRICAL

V2¢:1i

p op

op _¢
[pﬁpj P’ +8

%

SPHERICAL

o

1
Vip=——
¢ r o0

0 rZ% —1 sin@
or r?sin@ o0

o)

1 %
r’sin® @ o¢’




PROBLEM 3

An infinitely long cylinder with radius R has a charge density p_.
Calculate the potential and the electric field:

(a) Inside the cylinder
(b) Outside the cylinder

Assume the potential on the surfaceis V,.
SOLUTION

Due to the symmetry of the problem,
the solution will depend on the radius only: ¢=¢(p)

[
)

Inside the cylinder
vig=-—Le
¢ ‘.
cylindrical coord.
2 2
vip==L Lp“’} ok S A
pop\" op) p ﬁ’L 0z &

H_J
:O :O ¢ Because the solution
depends only on p

The equation becomes:

106 0
__(pﬁj:_& |
pop\’ op &




Multiplying by p Integrating in p Dividing by p
pop\~ Op & op\  Op & op 2¢, op
_ d d d d
E=—V¢=—( ﬁ(p)’i Z(p)’ ¢d(p)J - 3900) | A
p p do z dp 2,
_O :0 - Because the solution
- depends only on p
o¢ P, Pc 2
— = = =——p°+Db
- 2 p/ #(p) e, p

Integrating in p

Outside the cylinder

V2¢ — () «—— Thereisnocharge

And the equation becomes:

p op / op\” op ] op I P
Multiplying by p Integrating in p Dividing by p
E —— dé(p) | ¢
r dp p

L2020 o 2 (p%)=0 = poc 5 -

Py B
28, P
a

a-2
P\

Divergent at p=0

NOT physical! = a=0

= |[d(p)=clnp+d

i

Integrating in p

-



in P in Y 2
2, ¢ (p) 4’

Em=_% 4 (p)=cln p+d
Yo,

Now we must determine the three constants b, ¢ and d.
We have three conditions:

(1) Continuity of the electric field at p =R

(2) The potential at p=R

(3) Continuity of the potential at p=R

i C
(1) E"(R)=E™(R) = +2’0—°R:—— :> = ¢ (p) =—LRZIn p+d
€o R 2¢,
2) #MR)=V, = -LRIR+d=V, = (d=V,+L2R’ IR
280 280

:¢°“t(p)=—;7cR2|np+d=—p; Rzlnp+Vo+pg° RZInR=V0—2'08° Rzln(gj
0 0 0 0

B) R =¢"R) = V-2 Rzln(5j=—&R2+b = (b=V,+LR?
2¢, R 4g, dg,




2 in P,
in c E =4+—°
R B

&, R? 0

ot Py R’

out —\V. — P R2 In E Er t_ e

¢ (/0) 0 280 R 280 p
E

Note that: lim ¢@(p) =—
p—>

This solution is unphyiscal.
How is this possible?
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